Abstract. Let R be a ring with identity 1, I(R) be the set of all idempotents in R and G be the group of all units of R. In this paper, we show that for any semiperfect ring R in which 2 = 1 + 1 is a unit, I(R) is closed under multiplication if and only if R is a direct sum of local rings if and only if the set of all minimal idempotents in R is closed under multiplication and eGe is contained in the group of units of eRe. In particular, for a left Artinian ring in which 2 is a unit, R is a direct sum of local rings if and only if the set of all minimal idempotents in R is closed under multiplication.
Introduction and basic definitions
Let R be a ring with identity 1, G the group of all units of R, J the Jacobson radical of R and I(R) the set of all idempotents of R. 2 where I(R) 2 = {ef : e, f ∈ I(R)}. By the following example, there is a ring R without identity such that the converse is not true. On the other hand, in Section 2, we will prove that if R is a ring with identity, then I(R) is commuting if and only if I(R) is closed under multiplication if and only if every idempotent of R is central.
In this case, I(R) is called commuting if ef = f e for all e, f ∈ I(R). Observe that if I(R) is commuting, then I(R) is closed under multiplication, that is, I(R) = I(R)
Let ⪯ denote the usual relation on I(R), that is, e ⪯ f means that ef = f e = e (refer [2] ). A nonzero idempotent e is called minimal if there is no idempotent strictly between 0 and e according to the partial ordering ⪯. Note that the minimal idempotents in this sense are precisely the primitive idempotents of R. In Section 2, we will show that if R is a ring with identity such that I(R) is closed, then (1) |I(R)| = |I(R/J)| where | · | is the cardinality of a set; (2) I m (R) is closed under multiplication and |I m (R)| = |I m (R/J)| where I m (R) (resp. I m (R/J)) is the set of all minimal idempotents of R (resp. R/J).
We also define a relation e ⪯ 1 f by ef e = e (refer [2] ). In [2] , by considering the relation ⪯ 1 Dolzan has shown that for a finite ring R with identity, if the set of all minimal idempotents of R is closed under multiplication, then for all minimal idempotents e in R, eGe is contained in the group of units of eRe. As a corollary he also has shown that the set of all minimal idempotents of R is closed under multiplication if and only if R is a direct product of local rings. It is clear that if I(R) is closed under the multiplication, then the above two relations ⪯ and ⪯ 1 are equal.
In Section 3, we will show that for any semiperfect ring R with identity 1 in which 2 = 1 + 1 is a unit, I(R) is closed under multiplication if and only if R is a direct sum of local rings if and only if the set of all minimal idempotents of R is closed under multiplication and eGe is contained in the group of units of eRe. We also will show that for a left Artinian ring in which 2 is a unit, the fact that the set of all minimal idempotents in R is closed under multiplication implies that eGe is contained in the group of units of eRe. Hence as a corollary we have that for a left Artinian ring R with identity 1 in which 2 is a unit, I(R) is closed under multiplication if and only if R is a direct sum of local rings if and only if the set of all minimal idempotents of R is closed under multiplication.
Throughout this paper, let R be a ring with identity 1, G be the group of units of R, let J denote the Jacobson radical of R and let I(R) (resp. I m (R)) be the set of all idempotents of R (resp. the set of all minimal idempotents of R).
Some properties of a ring with commuting idempotents
In this section, we will find some properties of a ring R such that I(R) is closed under multiplication.
Lemma 2.1. Let R be a ring. Then the following are equivalent:
(
. Let e ∈ I(R) be arbitrary, and let f = 1 − e ∈ I(R). Then for all a ∈ R, e + eaf ∈ I(R). Since I(R) is closed under multiplication, (e + eaf )f = ef + eaf = eaf ∈ I(R), and so eaf = (eaf )(eaf ) = 0, which implies that ea = eae for all a ∈ R. Similar argument yields ae = eae for all a ∈ R. Thus e is central.
Proof. Since I(R) is commuting, ef = f e. Note that (e − f )
4 , and so (e−f )
By multiplying with e (resp. f ) from the both sides of ( * ), we have e = ef (resp. f = ef ).
Proof. Clearly, |I(R)| ≥ |I(R/J)|.
Assume that there exist two idempotents e, f of R (e ̸ = f ) such that e + J = f + J. Then e − f ∈ J, and so e = f by Lemma 2.2, a contradiction.
Proof.
(1) Suppose that there exists an idempotent e 1 ∈ R such that 0 ̸ = e 1 ⪯ e. Then clearlyē 1 ⪯ē. Sinceē is a minimal idempotent,ē 1 =0 orē 1 =ē. Ifē 1 =0, then e 1 ∈ I(R) ∩ J = {0}, and so e 1 = 0, a contradiction. Hencē e 1 =ē, and then e 1 − e ∈ J. Since I(R) is commuting and e 1 − e ∈ J, e 1 = e by Lemma 2.2. Hence e ∈ I m (R). Proof. Let e, f ∈ I(R) be arbitrary. Since I(R/N ) is commuting, (e + N )(f + N ) = (f + N )(e + N ), and so ef − f e ∈ N . By assumption, e(ef − f e) = (ef − f e)e, and then ef = ef e = f e. Hence I(R) is commuting □
A decomposition of a semiperfect ring
Recall that a ring R is called semiperfect if R/J is left Artinian, and every idempotent in R/J can be lifted to R. In [1] , it was shown that every element in a semiperfect ring R can be expressed a sum of a unit and an idempotent in R (also refer [3] ). Recall that a minimal idempotent in a semiperfect ring is local by Proposition 23.5 in [4] .
Proposition 3.1. Let R be a ring. If I(R) is commuting, then for all e ∈ I(R), eGe is contained in the group of units in eRe.
Proof. Let ege ∈ eGe(g ∈ G) be arbitrary. Since I(R) is commuting, every idempotent e ∈ I(R) is central by Lemma 2.1. Hence e = (ege)(eg −1 e) = (eg −1 e)(ege), that is, ege is a unit in eRe. □
In [2] , Dolzan has shown that for e, f ∈ I m (R) by defining e ⪯ 1 f if ef e = e and also defining e ∼ f if e ⪯ 1 f and f ⪯ 1 e ∈ I m (R) "∼" is an equivalence relation on I m (R) provided I m (R) is closed under multiplication. 
Lemma 3.2. Let R be a ring such that I m (R) is closed under multiplication, and let e, f, g, h ∈ I m (R). If [e] = [f ] and [g] = [h], then [eg] = [f h], where [a] is an equivalence class containing a ∈ I m (R) under the equivalence relation ∼.

Proof
Proof. (1) ⇒ (2). Suppose that I(R)
is closed under multiplication. Since R is semiperfect, there exists a finite mutually orthogonal set of local idempotents {e 1 , . . . , e n } such that 1 = e 1 +· · ·+e n by [4, Theorem 23.6 ]. For all a ∈ R, a = ae 1 + · · · + ae n ∈ Re 1 + · · · + Re n . Since all e i are central for all i = 1, . . . , n by Lemma 2.1,
Re i is a direct sum of local rings since each Re i (= e i Re i ) is a local ring. Proof. First, we will show that R/J is a direct sum of division rings. Since
is the full matrix ring of all n i × n i matrices over a division ring D i for each i = 1, 2, . . . , m. Without loss of generality, we can let
. . , 0 n ) ∈ I(R/J) are also minimal idempotents in R/J where 0 j is the additive identity of M j (D j ) for all j = 1, . . . , n. Since R is semiperfect, every idempotent of R/J can be lifted to R, and so there exist idempotents e, f such thatē = (0 1 , . . . , 0 i−1 , e i , 0 i+1 , . . . , 0 n ),f = (0 1 , . . . , 0 i−1 ,  f i , 0 i+1 , . . . , 0 n ) . By Proposition 3.6, e and f are minimal idempotents of R.
Thus ef is a nonzero nilpotent of R, and so I m (R) is not closed under multiplication, which is a contradiction. Therefore, R/J is a direct sum of division rings. Let e ∈ I(R) be arbitrary, and let g be a unit in G. Since every idempotent in R/J is central, we have that (e + J)(g + J)(e + J)(e + J)(g −1 + J)(e + J) = (e + J)(g −1 + J)(e + J)(e + J)(g + J)(e + J) = e + J. Thus (ege)(eg −1 e) = e + j 1 = e + ej 1 e and (eg −1 e)(ege) = e + j 2 = e + ej 2 e for some j 1 , j 2 ∈ J. Since ej 1 e, ej 2 e ∈ J and J is a nil ideal of R, ej 1 
